Flatband photonic lattices, i.e. arrays of waveguides or resonators displaying a flat Bloch band, offer new routes for light trapping and distortion-free imaging. Here it is shown that flatland lattices can show stable and cooperative laser emission when optical gain is supplied to the system, despite the large degree of degeneracy of flatland supermodes. By considering a quasi one-dimensional rhombic lattice of coupled semiconductor microrings, selective pumping of the outer sublattices can induce cooperative lasing in a supermode of the flat band.
loss γ in the inner sublattice A [ Fig.1(a) ]. Note that the condition g = γ corresponds to parity-time (PT ) symmetric excitation [27] . This pumping scheme favors oscillation of modes in sublattices B and C, i.e. of flatland supermodes. Assuming the same resonance frequency of microrings and single-longitudinal unidirectional mode operation, coupled mode equations describing light dynamics in the lattice read [26, 27] 
where κ is the coupling constant between adjacent rings and a n , b n , c n are the amplitudes of modal fields circulating in the n-th microring of sublattices A,B and C, respectively. In the linear regime, where g and γ are constant parameters, the lattice bands are obtained by making the Ansatz (a n , b n , c n )
, where q is the Bloch wave number. This yields the following dispersion curves of the three lattice bands
2 , E 0 (q) = ig (2) A typical behavior of the bands is shown in Fig.1(b) in the PT symmetric case g = γ. The E 0 (q) curve corresponds to the flat band, with the largest gain over the other dispersive two bands E ± (q). The flat band is related to the existence of a set of complex-energy E 0 = ig compact (dark) states, with localization in two sites of the outer sublattices B and C which decouple from the chain owing to destructive interference [ Fig.1(c) ]. In the following, we assume that the lattice comprises a number N of unit cells and assume periodic boundary conditions a n+N , b n+N , c n+N = a n , b n , c n , corresponding to a closed lattice on a ring [35, 36] . The periodic boundary conditions yield a quantization of the Bloch wave number q = q l = 2πl/N (l = 0, 1, 2, ..., N − 1), where l is the supermode index. Note that all supermodes belonging to the flat band experience the same gain g, and thus are degenerate in threshold. This is in contrast to topological laser structures, where a single topologically-protected edge mode reaches threshold [26] [27] [28] .
Laser rate equations analysis. Owing to the high degree of threshold degeneracy of supermodes and the existence of compact dark states [ Fig.1(c) ], one would expect a flatland laser to irregularly oscillate in clusters of modes without any synchronization, or in any case to be likely to show multimode oscillation. Indeed, even in the recently-introduced class of semiconductor topological insulator lasers [28] , the robustness of lasing topological states is not immune to dynamical instabilities and to the existence of attractors with complex temporal dynamics [30] . While such a kind of dynamical instabilities are expected to arise in semiconductor flatland lasers as well, what is rather surprisingly is that stable oscillation in a single supermode with global phase locking is not fully prevented and can be often observed after transient laser switch on. For gain provided by quantum well semiconductors [27, 28] , the dynamics is described by the class-B laser model [27, 30, [34] [35] [36] (X = A, B, C, x = a, b, c). In the above equations, N X n is the carrier density at the n−th site of sublattice X, τ p is the photon cavity lifetime, σ is proportional to the differential gain, α is the linewidth enhancement factor, R X is the normalized (sublattice-dependent) pumping rate, and τ s is the carrier lifetime. The pump rate at threshold for a single microring is given by R th = (1/τ s )(1+1/στ p ). We assume R A ≡ R 1 < R th , R B = R C ≡ R 2 > R th , corresponding to microrings in sublattice A (B,C) below (above) threshold, the linear (small-signal) gain/loss parameters being given
The laser equations (3) can display different types of stationary states as well as complex temporal attractors, largely dependent on laser parameters and initial conditions. The simplest family of stationary states, corresponding to lasing states in the flatland supermodes described above, is given by
where l is the quantized supermode index and
, with the further constraint B = −C for q l = π. The stability of the nonlinear supermodes (4) can be performed by a standard linear stability analysis [29, 30, 35, 36] . The matrix of the linearized equations, that describe the growth of small perturbations, is a 8 × 8 matrix containing the Bloch wave number Q j = 2πj/N of the perturbation with growth rate λ(Q j ), with j = 0, 1, ..., N − 1. The supermode solution (4) is linearly stable provided that the real part of λ(Q j ) is smaller or equal to zero for any perturbation wave number Q j . We numerically computed the growth rates and stability domains in parameter space (R 1 τ s , R 2 τ s ) for parameter values that typically apply to semiconductor quantum-well microrings [27] periodic boundary conditions allow for the existence of the out-of-phase supemode with q l = π, all supermodes are unstable, except those with l = 0 and l = N/2, corresponding to microrings oscillating either in phase (q l = 0) or with alternating phases (q l = π). Moreover, for q l = π the phases B = ±C are the only stable ones. A typical behavior of the stability domain of the in-phase and out-of-phase supermodes in the (R 1 τ s , R 2 τ s ) plane for N even is shown in Fig.2 . As a general feature, the stability domain shrinks as the number of sites N increases. Clearly, the stability domain is limited by two boundaries. The sharp boundary on the right side, delimited by the curve R 1 τ s R th τ s , is simply related to the fact that microrings in sublattice A reach threshold for oscillation. On the other hand, the other stability boundary, observed as R 2 τ p is increased at a fixed value of R 1 τ s < R th τ s , corresponds to a Hopf-type instability driven by a non-vanishing value of the linewidth enhancement factor α [34] [35] [36] (this instability disappears in the α → 0 limit). For an odd number N of unit cells, i.e. when geometric frustration prevents existence of the out-of-phase supermode q l = π, all supermodes are stable in some domain, indicating that the system is more likely to show multimode oscillation when laser is started from initial small random noise. The laser switch-on dynamics has been simulated by numerical solution of the laser rate equations (3) starting from small random complex amplitudes of modes. We assumed a flatland lattice with N = 8 unit cells. After initial relaxation oscillation transient, different attractors, corresponding to different dynamical regimes, can be observed depending on parameter values and initial conditions, i.e., different runs starting from small random noise can result in different (regular or irregular) dynamical behaviors. This is a clear signature of highly nonlinear dynamics, which is very common in coupled nonlinear oscillator models [36, 37] . Over 100 runs starting from small random noise amplitudes, in 15 runs we observed stable steady-state oscillation in the q l = π supermode, the phase B = C being the most likely one, while in other cases we observed partial phase locking and oscillations in clusters or more complex attractors. As an example, Figs.3, 4 and 5 show numerical results obtained from different small-amplitude initial conditions, leading to stable oscillation (Fig.3) , partial phase-locking mixed with oscillatory dynamics (Fig.4) , and highly-irregular temporal dynamics (Fig.5) . In Fig.3 , after transient relaxation oscillations the attractor of laser dynamics is the q l = π supermode with B = C, i.e. microrings in the same unit cell oscillate in phase, whereas adjacent rings in the same sublattice (either sublattice B or C) oscillate with opposite phases. In Fig.4 , steady-state oscillation and phase locking is incomplete, i.e. it is observed for a fraction of microrings in the two sublattices B and C, while oscillatory dynamics (in both amplitude and phase) is found for the other microrings. Finally, a highly irregular dynamics is observed in Fig.5 . In all cases microrings A are not lasing. For comparison, we numerically studied laser switch-on dynamics from small random noise in a flatland lattice with an odd number N = 7 of unit cells. In this case, steady-state emission is rarely observed (5 times over 100 runs). Even when steady-state oscillation in all microrings of sublattices A and B is observed, phase locking arises in clusters of A/B dimers, i.e. the phases of modal fields between adjacent unit cells (n, n±1) are not locked. An example of steady-state oscillation, without global phase locking, is shown in Fig.6 . Our results thus show that, provided that the number of unit cells in the lattice is even, the flatland lattice can coherently emit steady-state radiation with phase locking among all the microrings, albeit attractors corresponding to complex dynamical behaviors could be observed like in topological insulator lasers [30] .
Conclusions. Topological and flatland photonic structures are currently hot areas of research in optics. While most studies focused on passive structures, recent works suggested that the introduction of selective gain and loss can be of potential relevance, for example for the realization of topological insulator lasers [28] , where laser emission occurs in a topologically-protected edge state. Here we introduced the idea of flatland laser, where laser emission occurs in a flat band of a lattice. In spite of the high-degree of threshold degeneracy, we found that stationary laser emission in a single supermode with global phase locking can be observed. However, like in topological insulator lasers [30] , we observed dynamical instabilities and complex temporal attractors. These could be mitigated by non-Hermitian coupling engineering [36] , if needed. Cooperative lasing emission in flat band structures provides an interesting route toward the realization of high-power stable laser emission in lattice systems compatible with current integrated semiconductor laser technology. There are some open questions, that could motivate further investigations beyond laser-oriented applications. For example, how does a flat band in a network system influence the formation of complex states such as chimera or rogue-wave states? In case of photonic lattices sustaining more than one flat band [38] , is it possible to achieve global synchronization in the system?
